Recently, the thermal conductivity in disordered chains has attracted a lot of attention, including the discussion of the disorder anharmonic and harmonic chains. A natural problem concerns the higherdimensional disordered lattice system. This paper gives a 2D harmonic lattice model with missing bond defects. When the defect density is large enough, a temperature gradient builds up and a finite heat conduction is found in this model. DOI: 10.1103/PhysRevLett.88.094301 PACS numbers: 44.10. +i, 05.45.Jn, 05.60. -k, 05.70.Ln The study of heat conduction in models of insulating solids is a rather old and debated problem. A central problem is the dependence of the heat flux on the system size at a fixed temperature difference DT. According to Fourier's law, one expects that the heat flux through a one-dimensional system is inversely proportional to the system size. The validity of Fourier's law has been studied in different models. Many features were incorporated in these models, such as nonlinearity, on-site potentials, mass disorder, etc. The typical 1D lattice Hamiltonian is
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where m i represents the mass of the ith particle, V is the potential energy of internal forces, and U is an on-site potential. Generic models without on-site potential give a divergent thermal conductivity due to the existence of long wavelength modes [1] . This includes the homogeneous harmonic chains [2] , Toda lattices [3] , Fermi-Pasta-Ulam lattices [4] , etc. To obtain a finite thermal conductivity, one has to include special features such as periodic potential [5, 6] , or on-site potentials (the ding-a-ling model [7] , the ding-dong model [8] , the Frenkel-Kontorova model [3] , etc.). Compared to that, there exist fewer papers on heat conduction in higher dimension. Several 2D lattice models have been studied. For instance, in Ref. [9] a 2D Lorentz gas is presented, and in Ref. [10] numerical simulations are performed for the 2D Toda lattice. A weak (logarithmic) divergence of the heat conductivity in the thermodynamic limit was found by Lippi and Livi [11] in 2D lattice models of anharmonic solids with nearest-neighbor interaction derived from single-well potentials.
A rigorous proof for necessary and sufficient conditions for the Fourier law is still lacking. The study of the heat conduction relies on large scale molecular dynamics simulations, whose interpretation is not easy and still debated. References [12] [13] [14] [15] show the qualm about this problem. The disordered chain, one of the earliest models, was recently discussed again in [14, 15] .
As is well known [2] , in 1D pure harmonic lattices, the thermal conductivity k is rigorously proven to diverge. This is seen from the fact that the heat flux is proportional to the temperature difference between the ends of the system, rather than to the temperature gradient. One might expect that phonon waves should be damped by the scattering processes due to impurity defects, and thus a finite heat conduction should be obtained by Anderson localization [16] . But due to invariance (absence of an on-site potential) low energy excitations are not localized, and also a disordered harmonic chain yields a diverging conductivity [1] . Recently, these results were challenged by Li et al. [15] , who found that the thermal conductivity of the disordered anharmonic lattice is finite at a low temperature. But as shown by Dhar [14] , this results only from an improper choice of heat bath. In Ref. [14] , the heat conduction in disorder harmonic chains with arbitrary heat baths is discussed, and a choice of heat bath gives the finite heat conduction in 1D disorder harmonic chains.
So a natural question is whether a generic 2D disordered harmonic lattice can give a finite heat conduction. The present paper deals with a 2D harmonic lattice with missing bond defects, which is another important defect type and a different form of impurity defects. The missing bond defects occur in solid H 2 O. There are the defects (missing hydrogen bonds), which play an important role in the transport and relaxation properties of ice [17] .
Consider a 2D disordered lattice model as follows: The 2D square lattice is made of N L 3 L particles; the equilibrium positions of the particles are labeled by the index ͑i, j͒; particles can vibrate in two dimensions; every particle just interacts with the nearest-neighbor particle by a harmonic force, but a finite fraction of the bond is missing. The Hamiltonian is
where p i,j is the momentum of the ͑i, j͒ particle, q i,j is the displacement from the equilibrium position, and the mass m i,j has been set equal to 1. The force constants a i,j and b i,j can take the two values 0 or 1; a i,j 0, b i,j 0 means that a bond is missing. Bonds are assigned randomly, and g is the defect density (the ratio of missing to the total bond number). For a lattice without defects g 0. A typical lattice with missing bond defects is shown in Fig. 1 . Periodic boundary conditions are assumed on the top and the bottom boundary. The particles ͑1, j͒ j 1, . . . , L in the left boundary are in contact with the low temperature heat bath T l , and the particles ͑L, j͒ j 1, . . . , L in the right boundary with the high temperature heat bath T 2 . The heat baths are implemented as Nose-Hoover [18] baths. No disorder is allowed in bonds connecting to particles in the right and left boundaries. The equations of motion of the particles are thereforë
Two physical observables, the dynamical temperature and the heat flux of the 2D lattices model, need to be defined. The definition of the local temperature is the time average of the kinetic energy of the particle, 
where J i,j!i,j21 denotes the flow of potential energy from the particle ͑i, j͒ to the particle ͑i, j 2 1͒; J i,j!i21,j denotes the flow of potential energy from the particle ͑i, j͒ to the particle ͑i 2 1, j͒. The total heat flux is
The time evolution of the displacement and the momentum of each particle was calculated for time Ӎ 10 6 10 7 . Richardson's method [19] Different values of g lead to very different heat conductivities. When g 0, the model is a pure harmonic lattice, and it shows results similar to the 1D purely harmonic model: No temperature gradient can be formed. In Fig. 2 , the temperature profile is plotted and, as expected, the cross sections at any fixed j show that the temperature profile is the same as in the 1D purely harmonic model. When g is large, a temperature gradient can be formed. A typical example is shown in Fig. 3 . The next figure  (Fig. 4) shows the distribution of the heat flux at the same parameters as Fig. 3 . It is obvious that the missing bond defects block the heat flux, and the heat flow depends on the position.
The dependence of the total heat flux J ? N on the total particle number N is shown in Fig. 5 . The flux increases with N, but this increase is reduced when the defect density increases. In our results, when g . 0.26, the total heat flux nearly is a constant with particle number. Even in the largest lattice studied ͑N 111 2 ͒, the numerical results suggest that a finite heat conduction exists in the model. Hence, the above results allow one to conclude: When g 0, the model is a 2D purely harmonic lattice. A temperature gradient cannot be formed and the total heat flux increases with the particle number, corresponding to an infinite heat conduction. When g . 0, a temperature gradient can be formed and the total heat flux initially increases with N. According to [11] , we should have expected for all g . 0 a conductivity which increases logarithmically with N . For g Ӎ 0.1 0.2 this is compatible with a logarithmic increase as predicted in [11] . But, at least for larger enough g (in our simulation, g $ 0.26), this increase stops for large N, suggesting a finite heat conductivity.
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